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Abstract—The steady laminar natural convective plume above a horizontal laser beam has been studied. The

plume, which is caused by absorption of thermal energy from the beam, is three-dimensional.

The three-dimensionality is a consequence of mass continuity and the variation in the thermal energy

absorption in the propagation direction. Flow visualizations have verified the three-dimensionality in thata
significant velocity component, in a direction opposite to that of laser beam propagation, was observed.

The problem is reduced by similarity analysis to a system of ordinary differential equations which are

solved numerically for the Prandtl number, Pr = 1.0. Integral approximations are also presented for Pr =
0.7, 1.0, 10.0 and 100.0. The effect of Pr on the velocities, and temperature boundary layer thicknesses is
discussed in detail,
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NOMENCLATURE

defined to be an adiabatic line along
which energy is transferred from the de-
caying line source to the asymptotic re-
gion (regime II);

constant dimensionless scaling parameter
which is related to the laser power
generation;

specific heat of the fluid at constant
pressure;

dimensionless y- or vertical-component
of velocity defined in equation (5);
dimensionless z- or axial-component of
velocity defined in equation (5);
Grashof number defined in equation (5);
gravitational acceleration;

thermal conductivity of the fluid;
dimensional similarity parameter, with
units of [length] ™! which is related to the
fluid absorptivity;

dimensionless reference length in the z-
direction for streamline projections (one
of two parameters to be varied for each
projection);

dimensionless similarity parameter de-
fined in equation (8);

dynamic pressure;

peak power of the laser beam;

Prandt]l number of the fluid, vk~ !;
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1,

local temperature excess relative to the
ambient temperature;

reference temperature defined in equation
5%

velocity component in the x- or plume
width-direction;

velocity vector;

velocity component in the y- or vertical-
direction;

velocity component in the z- or axial-
direction;

dimensionless x-direction coordinate for
streamline projections;

lateral or plume width coordinate;
vertical or plume height coordinate in the
asymptotic region (regime II, see Fig. 1);
vertical or plume height coordinate;
axial or plume length coordinate in the
asumptotic region (regime II, see Fig. 1);
axial distance over which thermal energy
is convected from the decaying line source
to regime II (see Fig. 3);

axial or plume length coordinate (laser
propagation direction);

absorptivity of the fluid medium at the
wavelength of the laser beam;
thermal expansivity of the fluid;
vector differential operator;
dimensionless  y-component
boundary layer thickness;
dimensionless thermal boundary layer
thickness;

dimensionless  z-component
boundary layer thickness;
similarity independent variable defined in

velocity

velocity
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equation (5);

Hos dimensionless similarity streamline para-
meter (one of two parameters to be varied
for each streamline projection);

"1 ratio of the similarity variable to the y-

component velocity boundary layer
thickness. 0 < n, < 1.0;

3. ratio of the similarity variable to the
thermal boundary layer thickness, 0 < »,
< 1.0:

I ratio of the similarity variable to the z-
component velocity boundary layer
thickness, 0 < ny < 1.0;

0, dimensionless local temperature excess
defined in equation (5);

K, thermal diffusivity of the fluid;

v, kinematic viscosity of the fluid;

$on ratio of the vertical velocity boundary

layer thickness to the thermal boundary
layer thickness;

&y ratio of the vertical velocity boundary
layer thickness to the z-direction velocity
boundary layer thickness;

o density of fluid:
o, defined in equations (12} and (16}
INTRODUCTION

LaMINAR natural convective flow above a horizontal
laser beam results from absorption by the fluid of
energy from the beam [1, 2]. Livingston [ 1] has given
the most complete theoretical account, to date, of
natural convective cooling of a fluid medium in the
vicinity of a horizontal laser beam. He considered a
uniform vertical forced flow through a beam whose
thermally-induced optical distortion was determined
by matching the forced flow solution to the well-
known solution for a natural convection plume above
a uniform line source of energy. Pr =  was used as an
approximation for air. No direct comparisons were
made between forced and natural convection.

The laminar natural convection plume above a
uniform horizontal line source of energy has been
investigated by many authors [3-6] and formulated in
an optimum manner by Gebhart er al. [3]. Fujii [4]
presented one of the most comprehensive accounts of
the laminar flow above horizontal line and point
sources.

In the present paper we present an analysis of the
laminar natural convection plume above a thermal
line source which decays exponentially along its
length. This models the flow above a horizontal laser
beam in an absorbing fluid. In addition to its general
theoretical interest, this analysis will be useful in
structuring a solution of the flow in the beam itself for
prediction of therntal blooming of high-powered con-
tinuous wave laser beams.

FORMULATION
Consider the flow induced in a fluid due to absorp-
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tion of thermal energy from a horizontal laser beam
which propagates through it. The energy absorption
will vary, to first approximation, exponentially along
the direction of beam propagation. Hence, sufficiently
far above the horizontal laser beam, the flow can be
modeled as a natural convection plume caused by an
exponentially-decaying horizontal line source of en-
ergy. To distinguish it from a uniform line source, 11
will be referred to as the decaying line source

In the steady laminar plume above a decaying line
source, not only are there vigorous vertical and weaker
lateral entraining velocity components, there is also a
significant axial component of velocity. The quanti-
tative analysis of the flow regime above a hortzontal
laser beam, therefore, requires a three-dimensional
analysis. The coordinate system for the formulation is
given in Fig. 1.

Assumptions
The usual Prandtl boundary layer approach is used ;

that is, all gradients such as @2/0yv? and @%/0z* will be

neglected relative to 8/8x? in the asymptotic region
above the decaying line source {regime I1). In addition.

the following assumptions are made:

(1} The Boussinesq approximation applies, that is, a
temperature-induced change in the density is only
significant in the body force term.

{2) All other fluid properties are constant.

(3) All flow regimes are laminar.

(4) The local thermal energy increase due to com-
pression work is negligible.

(5) Viscous dissipation is negligible.

{6) The shift and/or deflection in the laser beam due
to thermal blooming does not significantly affect flow
regime IL

{7} The effect of the irrotational flow outside the
plume is neglected.

(8) The dynamic pressure gradient, VP, is negligible
(see [7 and 8]).

Governing equations

Based on the above assumptions, the governing
equations for the plume flow in the asymptotic region
(regime 1I) above a horizontal laser beam, with
quiescent surroundings, are given by
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REGIME 111: |RROTATIONAL FLOW
{outside the plume)

F1G. 1. Thermal plume flow regimes above a horizontal laser beam.

which are applicable for large values of the Grashof
number. The boundary conditions for the plume flow
are

ov ow T )
=0 — = = e ! :0:—; dT-_—ﬁnte
x=0; P 0 6x’u o an i
oT .
x=aw: v=0=w; — =0; and u = finite )
Ox
T
zZ=00: v=0=w;and6—=0.
ox

The above equations are valid for [8]
Gr>¢* 3)

where ¢ is a small positive parameter given by

. v
©=0 <Lovo> @

and L and v, are the characteristic reference length and
velocity in the y-direction. Equations (3) and (4) are
valid when the buoyancy force, vertical inertia, and
viscous forces are of comparable magnitudes.

The partial differential equations (1) and (2) can be
simplified to a set of ordinary differential equations
when the following similarity transformations are used

(8]

n = bGrint N6y 1 gmi2)Z

v = bIyGrint DAY ~LemZ f1(y)

w = b¥(v/m)Grnt VB3Y =2 enZ £1(y)

U= — (%)var(n+1)/6y— 1 C(m/Z)ZU(q)
Un)=n+1)F+(n—1nF +f+nf

T = b*T,Grli3m- 13g2mzg(, (5)

where
Gr = pgT, Y3y 2

oaP,
Ty=—-2
°7 %k

m < 0.

The prime (e.g. F') denotes differentiation with respect
to n, which is the dimensionless similarity variable. The
quantity b is an unknown scaling factor which is
related to the properties of the fluid and the power
generation of the laser beam. The quantity m is related
to the absorption coefficient of the fluid. After the
similarity transformation from equation (5) are made
in the governing equations and boundary conditions,
the latter are simplified to the following form:

F" — n(F'2 — f'F + 4 (n+ 1)FF’

+ifF"+0=0 (6a)
f" === DfF +3f"
+in+ DFEf"=0 (6b)
8 + Pr[A(n+1)F&' — 2n—1)F'9
+3 - 28] =0 (6¢)
where the boundary conditions are
N=0:F=0=f FF=0=f"and 6 =10
n=o: FF=0=f" and 6 = 0. (7

Following the procedure used by Gebhart et al. [ 3], for
the uniform line source problem, #(0) is assumed
arbitrarily to equal 1.0. These investigators noted that
this is the optimum computational approach for
solving the applicable differential equations. Many
other procedures involving normalization (except that



688

of normalizing the centerplane velocity) will either
result in the addition of an extra equation or an
additional unknown boundary condition to the
numerical computation (cf. [3] with {4] and [6]).
Following the procedure of Brand and Lahey [6],
the thermal energy equation (equation (6¢), was in-
tegrated over the width of the plume,1e.,n = —x to
x. After the boundary conditions are enforced, a
condition is obtained that defines the quantity, n.
which appears throughout equations (5) and (6)

I |
Ho— o= 28 (%)

The quantity, n, is an eigenvalue which is determined
from the Prandtl number of the fluid and the boundary
conditions for the plume flow. Since m and w are <0
(this is verified below) and since ¢ and T are >0, it is
noted thatf”,#and F’ are all > 0. The right hand side of
equation (9) is therefore negative, and hence the
quantity n must be less than orequal to 1/5,1.e.n < 1/5.
When nis equal to 1/5, the numerator of equation {9}
must vanish. This could result from two physical
situations: (1) the z-velocity component is zero, i.e., f~
= 0 = w; or (2} a reverse flow exists above the
decaying line source, i.e. above the laser beam. When f”
or w equal zero, there is no z-direction flow. This
cannot be the case since flow visualizations were made
of the plume above a horizontal laser beam and clearly
show a z-velocity component (see Figs. 2(a), (b} and
(c)). In addition, no reverse flow was observed. It was,
therefore, concluded that » does not equal 1/5, but

9

n <

i o—

Equations (5) through (8) reduce to those for the
uniform line source when m = Q or n = 1/5.

Global thermal energy equation

In two-dimensional and axisymmetrical plume
flows, it is possible to write the global conservation of
energy in terms of the total power generated by the
power source and the energy convected and conducted
across a given control surface, e.g. see [4, 5, 9]. This
global conservation of thermal energy usually serves
two purposes : (1) the parameter n can be determined
explicitly; and (2) the scaling parameter b can be
specified in terms of the total power generation.
Although it is possible to write such an equation for the
flow in regime II (see Fig. 1), it is not possible to use it
to determine explicitly the unknown parameters n and
b. The reason is that because of the three-
dimensionality of the flow, we do not know a priori the
point of origin, along the line source, of thermal energy
which is transported across the control volume at its
boundary y = Y,z = Z + Z;. Hence, we must write
the conservation of energy for the control volume
shown in Fig. 3 with Z; as a parameter
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If’ 2 wp g
= ——g z
2z /’Cp o

R AN

( ol dx dz. (10}

Based on physical grounds, it appears reasonable
that ¢ T8, (9, 1s a dimensionless y-velocity component
boundary layer (thickness) is proportional to exp
(—az). This means that the local energy transported
vertically decays in the same manner in which energy is
absorbed by the fluid from the laser beam. Using this
and enforcing the conditions of similarity, equation
(10) can be simplified to

4 1
b = {2 Pr f Fo dn]
. W0 1

3

m= -

5

— a7 In [GrONSn 1

{Ha)

and

{11b)

ZO:

Equation (11a) provides an expression for the scaling
parameter b in terms of the Prandtl number and a
dimensionless integral of the total energy convected
vertically in the plume. Equation (11b} defines the
quantity, m, in terms of the absorptivity of the fluid.
Equation (11c) is a relationship for the axial distance
over which energy is transported from a point on the
decaying line source to a control surface located at z =
Z. Note that the parameter »n remains in the for-
mulation as an eigenvalue.

{11c)

Integral formulation

Anintegral analysis was used to obtain approximate
solutions to equations {6) through (8). Polynomials
were used to approximate the profiles of all dependent
variables. The profile approximations are constructed
to satisfy the boundary conditions and then forced to
satisfy various integrals of the governing equations.
For the applicable boundary conditions, it is found
that the integral analysis must include three unknown
boundary layer thicknesses [8]. The profile approxi-
mations selected for F, fand 0 are

5,

10
F = A(nf - —?nf + 5y ) = AG

.10 \
f= rf(né -t 5*!3)=6Q

0= (i — 23 + 1) = wH

=0y = Oy = dans. {12)

Here,0 <5, < 1;0 <5, < 1;and0 <5, < l;and d,
and &, are boundary layer thicknesses for velocities ©
and w, and 8, is the thermal boundary layer thickness.
Since the y- and z-components of velocity decrease
monotonically with increasing values of #, it has been
assumed that f"(8;) = 0 = F"(3,). Equation (6) is
evaluation aty = 0 and after simplifications are made,



F1G. 2{a). Streakline projection, in the x- ¥ plane, dueto encrgy absorption from a hurivaal, %) mW, He-Ne
laser beam (blocked briefly during exposure). Beam is directed ou o pase.
(Fluid is water in these projections )

F1G.2(b). Streakline projection, in the 3~ plane, due to energy absorption from a herizental. 70 mW, He-Ne
laser beam. The luser beam is directed from right to left. Note that the line of stagnation of the vertical velocity
is below the laser beam.

FIG. 2(c). Streakline projection, in the x-z plare, due to energy absorption from a horizontal, 200 mW, argon
laser beam. The laser beam is directed from the bottom to the top of the photograph.
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the following results are obtained:
—20my — 25n — 256 m, + 1, =0 (13a)
—20m, — 257,670 — 25(n — 1)ér2 =0 (13b)
2P m El + 5(n — ) + Smyé =0 (13¢)

where &, and ¢, are boundary layer thickness ratios
which are defined by

(14)

In addition, =, is related to the ratio of the buoyancy
body force to the y-component of inertia force as-
sociated with ¢, ie.

BgT LH
= =w—.
T o) e A2

Further, the quantity, n,, is equal to the ratio of the
stream functions at n = o, and is defined by
AR

= = —. 16
Ty Fo,) A (16)

{15)

Finally, the quantity, =, is defined as

My = AT (17)

The remaining equations necessary for completion
of the integral formulation are obtained by integrating
each of the governing equations, from equation (6),
over the appropriate boundary layer thickness

(n+HI, + &l —3m,85 ;=0 (18a)
[273¢,0" + (n+ 1)GQ' + m,0Q']},, =1

30y —Gn— D& =0 (18b)

n—HI + 61 =0 (18¢)

Controf
- Volume
Regime |1

F1G. 3. Control volume for global energy balance above the
horizontal decaying line source model; AT. = Adiabatic
Trajectory (see nomenclature).
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where all quantitiessuchas [, (k = 1,2, 3,...)represent
integrals of convective or body force terms and are
given in the Appendix. Equations {18a) and (18b) can
be solved for n; and n in terms of the other unknowns
(see equation (A8)).

RESULTS AND CONCLUSIONS

Numerical computations

A numerical solution of equations (6) through (8)
was computed for Pr = 1.0. The numerical integration
procedure is based on the Hamming's modified
predictor-corrector method [10] and the iterative
procedure is based on the sequential simplex method
[11]. The numerical procedure consists of converting
the boundary value problem to an initial value
problem by systematically guessing the conditions
F'(0) and f'(0). Unfortunately, in addition to not
knowing F'(0) and f7(0), the quantity n is not known
explicitly, so a search of a complicated parameter
space is required.

For all numerical computations, a residual error
function was defined as the linear sum of the absolute
values of F', /" and 6 and their derivatives at# = .
The definition of the quantity n (equation (8)) was also
included as part of the residual function. The residual
function must be zero when the exact solution is found.
As an independent check on the accuracy of the
computations, the integrals of the y- and z-momentum
equations ((6a) and (6b)) were evaluated and found to
be very near zero, providing evidence that the pro-
cedure has converged close to the exact solution.

The computed profiles for F’, f" and ¢, for Pr = 1.0,
are given in Fig. 4. The numerical computations are
approximate since f'(oc) did not precisely converge to
zero as 7 became very large. The condition, f'{(=c) = 0,

FiG. 4. Results from numerical computations tor the dimen-

sionless profiles of the temperature excess and velocity

components in the plume above a horizontal decaying line
source with Pr = 1.0:n = —0.24916.
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results from the requirement that u(co, y, z) must
remain finite. In the numerical computations, f’ ap-
proached a small negative number as n became large.
An asymptotic analysis [8] of F’, # and f’ shows that all
these quantities must become asymptotically small as
n approaches infinity. The difficulty in the numerical
computations is attributed primarily to the uncer-
tainty of the quantity n. Since n appears throughout
the governing equations, its effect on the solution is
critical.

A more accurate solution would require consider-
ation of the interaction with the irrotational flow
outside the plume. In fact, in the flow visualizations of
the x-z plane, it was observed that at the edge of the
plume, the axial (z-) component of velocity is not equal
to zero, but is slightly negative. This implies that f'(c0)
is greater than zero (note that m < 0) and that higher-
order effects due to the external flow must be con-
sidered (e.g. [12] and [13]).

Integral analysis

Equations (13) and (18) form a system of non-linear
algebraic equations with unknowns: n, 7, 7,, 73, &,
and ¢,. The sequential simplex optimization pro-
cedure [11] was used to solve the algebraic equations.
This procedure required two independent variables (&,
and &,). A residual error function was defined as the
sum of equations (13a) and (13b). The residual func-
tion was minimized after repeated iterative com-
putations. The constraints on the iterative procedure
are

(19)

Profiles for functions associated with the y- and z-
components of velocity and the temperature are
presented in Figs. 5(a)~5(c), for various values of the
Prandtl number, Pr. The magnitude of the vertical
component above the decaying line source decreases
with an increase in the Prandtl number, as it does in the
case of a uniform line source. However, the axial
component of velocity, w, increases with an increase in
Pr,if Pr < 10, but decreases with an increase in Pr, if Pr
> 10. The latter decrease in w is due to viscous
diffusion effects. The local temperature gradient in-
creases throughout the plume as Pr increases.

The effects of the diffusion of energy and momentum
vary with Pr and can be evaluated by considering how
the boundary layer thicknesses vary with Pr. Both the
dimensionless vertical velocity and thermal boundary
layer thicknesses decrease continually as Pr increases
from 0.7 to 100.0. This indicates that x-direction
diffusion of vertical momentum and thermal energy is
becoming increasingly important as Pr increases.
However, the dimensionless axial velocity boundary
layer thickness increases slowly as Pr increases from
0.7 to 100.0. This indicates that x-direction diffusion of
axial momentum is approximately constant for at least
a two-order-of-magnitude change in the Prandtl
number. Finally, for 1.0 < Pr < 10.0, &, is near 1.0
(£ 10%) which indicates that for this range of Pr, the

HMT 24:4 « |

ny, Ay, 73 and (3 — n) > 0.
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F16. 5(a). Integral approximation profiles for the dimension-

less vertical velocity component in the plume above a

horizontal decaying line source, with the Prandtl number as a
parameter.

§*

F1G. 5(b). Integral approximation profiles for the dimension-
less axial velocity component in the plume above a horizontal
decaying line source, with the Prandtl number as a parameter.

thermal and the vertical velocity boundary layer
thicknesses are approximately equal. A summary of
the integral approximation results is presented in
Table 1.

To display the predicted fluid motion, we assumed
that all boundary layer thicknesses were equal for Pr
= 1.0. This assumption simplifies the algebra and
requires that the dimensionless axial velocity, f, and
axial shear stress, f”, be non-zero at the edge of the
boundary layer. The streamline projections in the x—z
plane and the boundary layer are presented in Fig. 6.
Note that the flow is in a direction opposite to that of
laser beam propagation. The slight flow reversal near
the edge of the boundary layer is a result of the
boundary conditions at 4 = §,, which must be related
to the vortex flow outside the plume.
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0.6 -

0.4

0.2 -

Pr=0.7

10.0

FIG. 5(c). Integral approximation profiles for the dimensionless temperature excess in the plume above a
horizontal decaying line source, with the Prandtl number as a parameter.

DISCUSSION

Some qualitative comparisons of the three-
dimensional flow above a decaying line source with the
two-dimensional flow above a uniform line source are
useful. Since the quantity » is less than one-fifth, the
temperature in the plume will decay faster in the
vertical direction above the decaying line source than
above the uniform line source. In cases where n > 0,
the vertical component of velocity above the decaying
line source will increase more slowly above the decay-
ing line source than above the uniform line source. For
n < 0, the vertical component of velocity decreases,
with increasing y, above the decaying line source. As Pr
increases, some trends are similar for both line sources :
(1) the vertical velocity decreases throughout the
plume; (2) the thermal and vertical velocity boundary
layers decrease in thickness; and (3) the ratio of the
vertical velocity boundary layer thickness to thermal

boundary layer thickness increases continuously.

Finally, a conceptual description of the decaying
line source will be given to supplement the above
discussion. If the decaying line source is interpreted as
a series of colinear point generators of decreasing
strength, one realizes that the vertical and entraining
components of velocity will be greater for the point of
higher power. The entraining axial velocity, due to the
point of higher power, will be greater and opposite in
sense (in the axial or z-direction) than the entraining
velocity of the adjacent weaker power generating
point. The result is a small but finite component of
velocity in the negative z-direction. When this effect is
integrated over the length of the decaying line source,
the result is a significant axial component of velocity.
Therefore, the axial velocity component is a con-
sequence of continuity, and is controlled by the local
laser beam power generation and the effects of viscous
diffusion.

Table 1. Results from the integral approximation for the decaying line source: 8(0) = 1.0
Pr 0.7 1.0 10.0 100.0

& 0.885 0.930 1.10 4.59
& 2.14 2.02 1.81 0.52
n —0.0841 -0.145 -0.435 ~0.0455
T 0.240 0.289 0.509 0459
T, 13.8 14.4 16.1 76.5
Ty 0.153 0.169 0.193 357
a 0317 0.359 0.579 0.0821
A 1.32 1.24 1.13 0.178
d4 491 472 4.56 1.56
Oy 5.55 507 413 0.340
03 229 232 251 295
F'(0) 1.34 1.31 1.24 0.571
f0) 0.69 0.772 1.15 0.139
U(=c) 203 1.89 1.62 0.336

20 s2.1 419 188 12930
(méy®  [f0)]
&my ~ Jﬂ 0.515 0.586 0.926 0.243

F'(0)

m_ T ~ 1645 ~99.2 ~370 ~1679.0

n odu/dy)eo
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FIG. 6. Streamline projections in the x—z plane of the plume
above a horizontal decaying line source, with Pr = 1.0 and &,
=& =10
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APPENDIX
Integrals of convective and body force terms
640
I = — Al
1 03 (A1)
40, 8, 80
— & - =& - — <1
. 3 &l o1 ¢ 5 &
, =
40 80 40
Me-s W o 1
&t Tt tFa L (A2)
8
I o221
L=4" (A3)
gég—iég"‘éo, So <1
640
I,= — A4
a o (Ad)
Is= & (A5)
(3 16 8
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CONVECTION NATURELLE LAMINAIRE AU-DESSUS D'UN
RAYONNEMENT LASER HORIZONTAL

Résumé—On étudie le panache de convection naturelle, permanente, laminaire au-dessus d’un rayon laser
horizontal. Le panache provoqué par I'absorption de I’énergie thermique du rayon est tridimensionnel. La
tridimensionnalité est une conséquence de la continuité de la masse et de la variation de 'absorption de
!’é:nergie dans la direction de propagation. Des visualisations d’écoulement ont vérifié cette tridimensionnal-
ite car on observe une composante de vitesse dans la direction opposée a celle de la propagation du laser.

Le probléme est réduit par une analyse de similitude 4 un systéme d’équations différentielles qui sont
résolues numériquement pour le nombre de Prandtl Pr = 1,0. Des approximations intégrales sont aussi
présentées pour Pr = 0,7, 1, 10 et 100. On discute en détail I'effet de Pr sur les épaisseurs des couches limites

dynamique et thermique.
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LAMINARE NATURLICHE KONVEKTION UBER EINEM
HORIZONTALEN LASERSTRAHL

Zusammenfassung—Untersucht wurde die stationdre laminare Auftriebsstrdmung durch natirliche Kon-
vektion iber einem horizontalen Laserstrahl. Die Auftriebsstromung, die durch Absorption thermischer
Energie des Strahls verursacht wird, ist dreidimensional.

Die Dreidimensionalitdt folgt aus der Kontinuitdtsgleichung und der Verdnderung der thermischen
Energieabsorption in Ausbreitungsrichtung. Durch Sichtbarmachung der Strémung wurde die Dreidimen-
sionalitdt bestdtigt, wobei eine bedeutende Geschwindigkeitskomponente in entgegengesetzter Richtung
zur Laserstrahlausbreitung beobachtet wurde. Das Problem wird durch Abnlichkeitsbetrachtung auf ein
System gewdhnlicher Differentialgleichungen reduziert, die numerisch fiir die Prandtl-Zahl, Pr = 1,0 geldst
werden. Integrale Approximationen werden auch fiir Pr = (,7;1,0: 10,0 und 100,0 angegeben. Der Einflufl

von Pr auf die Geschwindigkeiten und Temperaturgrenzschichtdicken wird ausfiihrlich erértert.

JJAMMHAPHAS ECTECTBEHHAS KOHBEKIWS HAJl FTOPU3OHTAILHbBIM
JA3ZEPHBIM NYYKOM

Annotanms  McceienyeTcest CTA4LMOHAPHOE NaMHHAPHOE CBODOIHOKOHBEKTHBHOE 1CHEHHE Hil TOPH-
JOHTAIbHBIM JA3CPHBIM TNYYKOM. HHIYIHPOBAHHOC NOTJIOIIEHHEM 1CILIOBOR JHEPIMM M3 ITYUKA.
TpexmepHOCTb TeHEHHS ODBACHACTCH 3aKOHOM HEPA3PBIBHOCTH MACChl M H3IMCHEHHEM 1OTAOICHNA B
HANPABJICHHH PACAPOCTPpaHenns iydka. OHa NOATBEPXKAJLTCE THIKE BUIYaH3auMel notoka # vabmo-
NEHHEM 3AMETHOH COCTaBAMOWEEH CKOPOCTH B HANPABACHHM. oOparHoM pacnpocipatchuio. €
NOMOLUBIO 4BTOMOICALHLIX 11peo0paiOBAHNH 3a1da4d CBOMTCA K CHCTeME OBLIKROBEHHBIX Hddepen-
HUANbHBIX YDaBHEHHH, KOTOpbIe pewialoTes ducienno g uacaa panaras Pr= 1.0, peacrasienst
Takxke HHTerpaibuble NpUOMIKeHHble hopmynsl juis Pr= 0.7 1.0; 10.0 u 100.0. Moapeduo obeyxkaa-
eTcs BIHAHME yMcAa TIPaHATIA HA CKOPOCTh. & TAKAKE IOJIILMHY TeHIOBOTO HOTPAHHYHOIO U0,



